An exact analytical solution is obtained for the scattering of electromagnetic waves from a plane wave with arbitrary directions of propagation and polarization by an aggregate of interacting homogeneous uniaxial anisotropic spheres with parallel primary optical axes. The expansion coefficients of a plane wave with arbitrary directions of propagation and polarization, for both TM and TE modes, are derived in terms of spherical vector wave functions. The effects of the incident angle α and the polarization angle β on the radar cross sections (RCSs) of several types of collective uniaxial anisotropic spheres are numerically analyzed in detail. The characteristics of the forward and backward RCSs in relation to the incident wavelength are also numerically studied. Selected results on the forward and backward RCSs of several types of square arrays of SiO 2 spheres illuminated by a plane wave with different incident angles are described. The accuracy of the expansion coefficients of the incident fields is verified by comparing them with the results obtained from references when the plane wave is degenerated to a z-propagating and x-or y-polarized plane wave. The validity of the theory is also confirmed by comparing the numerical results with those provided by a CST simulation.
INTRODUCTION
Numerous articles are available in the literature regarding the interaction of an anisotropic medium with a plane wave due to their wide applications in varied areas, such as microstrip circuits in microwave engineering and enhancement and reduction of radar cross sections (RCSs). Linear arrays of photonic crystals have also aroused increasing interest due to their extensive applications in photonic crystals waveguides, optical commutation, and so on. Many numerical and analytical methods have been developed to study the scattering problem of a uniaxial anisotropic medium: the integrodifferential equations method [1] , the differential theory [2] , the finite-difference time-domain method [3] [4] [5] , the moment method [6] , the coupled-dipole approximation [7] , and so on. Moreover, the analytical solution for the scattering of a uniaxial anisotropic sphere has been studied by many scholars [8] [9] [10] [11] [12] . The scattering characteristic of a uniaxial anisotropic sphere has been investigated using the method of expansion of internal fields in terms of scalar eigenfunctions by Wong and Chen [8] and Qiu et al. [8] . By introducing the Fourier transformation method, the internal fields of a uniaxial anisotropic sphere are expressed in terms of spherical vector wave functions (SVWFs). The scattering of a uniaxial anisotropic sphere from a plane wave has been researched by Geng et al. [10] . Subsequently, researchers from our group studied the scattered, internal, and incident fields of a uniaxial anisotropic sphere illuminated by an on-axis, off-axis, and arbitrarily oriented Gaussian beam based on the Fourier transformation method [11, 12] . However, the scatterer in all these reports is limited to a single anisotropic object. Published works on scattering by an aggregate of anisotropic objects are rather scarce.
During the past several decades, much work has been carried out on the interaction between a z-propagating and x-polarized plane wave and multiple isotropic spheres. Since the first presentation of a comprehensive solution of scattering by a two-sphere chain by Brunding and Lo [13, 14] , the study of scattering of multiple isotropic spheres has been developed quickly. Fuller and Kattawar [15, 16] introduced the order-of-scattering technique to obtain the consummate solution of electromagnetic (EM) scattering by a cluster and ensemble of spheres. The T-matrix approach is also a very effective method and has been applied to the study of this problem by many researchers [17] [18] [19] [20] [21] . In 1995, Xu introduced the generalized multiparticle Mie theory (GMM) to explore EM scattering by an aggregate of isotropic spheres [22] . The numerical results in his study are in good agreement with the laboratory results, which verify the accuracy of the GMM theory. Thereafter, he made more work on multiscattering by multiple isotropic spheres [23, 24] .
However, in most of the articles that we have referenced, the investigations focus on plane wave scattering by multiple isotropic spheres. Recently, the authors have studied EM scattering by uniaxial bispheres [25] . In that study, the scattering characteristics of only two uniaxial spheres from only a zpropagating and x-polarized plane wave were investigated. However, the interaction of an aggregate of uniaxial anisotropic spheres with arbitrary configuration and a plane wave with arbitrary directions of propagation and polarization is still a new problem, but one of considerable merit. In this paper, the expansion coefficients of the plane wave with arbitrary directions of propagation and polarization are derived in terms of SVWFs by applying the orthogonality of SVWFs. Then, based on the GMM theory and the Fourier transformation method, we have investigated the scattering performance of an aggregate of uniaxial anisotropic spheres with arbitrary configuration. The effects of the incident angle α and the polarization angle β on the scattering properties of several types of aggregates of uniaxial anisotropic spheres are numerically analyzed in detail. The forward and backward RCSs of several types of square arrays of uniaxial anisotropic spheres illuminated by an obliquely incident plane wave versus the incident wavelengths are also numerically discussed. In the subsequent depiction, a time dependence of the form expð−iωtÞ is assumed and suppressed, where ω is the circular frequency.
EXPANSION OF INCIDENT AND SCATTERED FIELDS
Considering L uniaxial anisotropic spheres with radius a j ðj ¼ 1; 2; …; LÞ and the primary optical axes coincident with the z axis in a global coordinate system Oxyz, as shown in Fig. 1 , wherein the particles are illuminated by a plane wave with a wave vector k 0 ,
where α is the incident angle with reference to the z axis and β is the polarization angle between the x axis and the projection of k 0 on the xoy-plane. In Eq. (1),ê x ,ê y , andê z are the unit vectors of the Cartesian coordinate system. Usually, there are two different polarization modes for an incident plane wave: the TM mode, corresponding to the case in which the electric vector vibrates in the incident plane; and the TE mode, corresponding to the case in which the magnetic vector vibrates in the incident plane. Here, the incident plane is defined by the z axis and the incident wave vector k 0 . For the TM mode, the incident electric field can be written as follows:
For the TE mode, the incident electric field can be written as
where E 0 is the amplitude and r is the position vector. The incident fields can be expanded in terms of the SVWFs in the global coordinate system Oxyz as
mn ðr; k 0 Þ;
where k 0 ¼ 2π=λ, λ is a free-space wavelength, μ 0 is the permeability of the surrounding medium, and M ðlÞ mn and N ðlÞ mn are the SVWFs [22] . The normalization factor E mn is defined as
It is well known that the passive electromagnetic waveŝ e x e ik 0 ·r ,ê y e ik 0 ·r , andê z e ik 0 ·r can be expanded in terms of the SVWFs aŝ Then, the incident electric field can be written as follows: for the TM mode and for the TE mode. Namely, the expansion coefficients a i mn and b i mn in Eq. (4) can be written as
for the TM mode and
for the TE mode. When α ¼ 0 and β ¼ 0, the plane wave will be degenerated to a z-propagating and x-polarized plane wave for the TM mode. Then the expansion coefficients a i mn and b i mn in (9) should be the same as in other published papers [5, 25] . The detailed derivation process is provided in Appendix B. Build rectangular coordinate system O j x j y j z j with arbitrary sphere center O j , which is parallel to the global coordinate system Oxyz. Similarly, the incident fields can be expanded in terms of the SVWFs in the jth sphere coordinate system O j x j y j z j . The expansion coefficients a 
The superscript j ¼ 1; 2…; L and denotes the correlative parameter with the jth sphere; r j originates at the center of the jth sphere. The scattered fields of the jth (j ¼ 1; 2; …; L) uniaxial anisotropic sphere can be expanded in terms of the SVWFs in the jth sphere coordinate system O j x j y j z j as
EXPANSION OF INTERNAL FIELDS
The uniaxial anisotropic medium is characterized by a permittivity and a permeability with tensor ε j and μ j (j ¼ 1; 2; …; L) for the jth sphere, respectively, expressed as follows:
According to the Fourier transformation approach, the internal fields of the jth (j ¼ 1; 2; …; L) uniaxial anisotropic sphere can be expanded in terms of the SVWFs as follows [5] [6] [7] 25] :
where A [5] ; however, the expressions should be coincident with the corresponding permittivity tensor ε j and permeability tensor μ j for every uniaxial anisotropic sphere. Here, G jmn 0 q is the unknown expansion coefficient relative to the internal fields of the jth sphere and can be determined by the boundary conditions of the jth sphere.
SCATTERING FIELDS
A. Interactive Scattering Coefficients For the jth (j ¼ 1; 2; …; L) uniaxial anisotropic sphere, the tangential boundary conditions at r j ¼ a j are written as
where E it j and H it j denote the total EM fields irradiating on the jth (j ¼ 1; 2; …; L) uniaxial anisotropic sphere. They are generally made up of the initial incident fields and the scattered fields of the other spheres,
j and H i j are the initial incident EM fields; and E s l;j and H s l;j are the scattered fields from the other spheres.
On the basis of the addition theorem [13, 19, 25] of SVWFs and Eqs. (4), (12) , and (16), the total incident EM fields can be derived as follows:
The corresponding coefficients are 
where A μυ mn and B μυ mn are the so-called addition theorem coefficients [13, 19, 25] .
Then, substituting Eqs. (12), (14), (16) , and (17) into the boundary conditions in Eq. (15) , and after careful and abundant derivations, the interactive scattering coefficients of the jth anisotropic sphere [5] [6] [7] 25] can be obtained:
The unknown expansion coefficients, G jmn 0 q , are relative to the expansion coefficients of the incident fields [5] [6] [7] 25] .
B. Expansion Coefficients of Total Scattered Field
To investigate the scattering characteristic of an aggregate of uniaxial anisotropic spheres, we need to know the total scattered fields of the aggregate of uniaxial anisotropic spheres, which can be obtained through the superposition of the individual scattered fields of every sphere, as follows:
Similar to the derivation of the total incident fields, we can deduce the total scattered fields by using the addition theorem of SVWFs, denoted by the spherical Hankel functions of the first kind h ð1Þ n again. The total scattered field in the global coordinate system Oxyz can be derived:
mn ðr 0 ; k 0 Þ;
where a st mn and b st mn are the expansion coefficients of the total scattered field. Then, applying the approximate forms of the SVWFs at the far region, the total scattering coefficients can be given as follows [5] [6] [7] 25] :
where Δ j ¼ x j sin θ cos ϕ þ y j sin θ sin ϕ þ z j cos θ. With these solved coefficients, the field components of the total scattered field can be obtained by corresponding substitutions. Then, according to the definition of the RCS for the total far-region scattered fields,
where E i denotes the initial incident electric field. We have 
NUMERICAL RESULTS AND DISCUSSION
In this section, some numerical results in relation to a plane wave scattering by an aggregate of uniaxial anisotropic spheres for the TM mode are presented. The E-plane corresponds to the xoz-plane, and the H-plane corresponds to the yoz-plane. In our code, we adopt the formula Nstop ¼ x þ 4 Ã x 1=3 þ 2 to terminate the infinite series. This truncation formula and conclusion can be found in [26, 27] , where x is the particle size of every anisotropic sphere. When the particle sizes of all of the spheres are not same, we adopt the maximal Nstop to terminate the infinite series. Generally, it is enough to assure the convergence of the infinite series.
A. Effects of Incident and Polarization Angles on Angular Distribution of RCS
The angular distributions of the RCSs in the E-plane of a linear chain of three closely packed identical uniaxial anisotropic spheres along the z axis, with both electric and magnetic anisotropies and illuminated by a plane wave with different polarization angles β, are shown in Fig. 2 . The incident angle α ¼ 0°and 30°in Figs. 2(a) and 2(b), respectively. When α ¼ 0°or 30°, despite the size of β, the extreme value of the RCS-namely, the forward RCS-occurs at θ ¼ 0°and 30°, respectively. These angles are coincident with the incident direction of the plane wave. As the polarization angle β increases, the forward RCS is nearly invariable when α ¼ 0°, whereas it decreases when α ¼ 30°. In fact, the different polarization angles may be regarded as different observing planes. Thus, the forward RCS is weakly affected by the polarization angles when α ¼ 0°, since the symmetry axis of the sphere chain is coincident with the incident direction of the plane wave. Moreover, this coherence also causes the symmetry of the angular distributions when α ¼ 0°. However, the angular distributions are different for different polarization angles β when α ¼ 0°, because the EM wave in the uniaxial anisotropic sphere is divided into two eigenwaves, resulting in different scattering intensities in the various azimuth angles. This property is different from that of isotropic spheres. When α ¼ 30°, the symmetry axis of the sphere chain and the incident direction of the plane wave are not coherent. Then, the interference scattering will be distinct. Thus, the forward RCS and the angular distributions of the RCS are greatly affected by the polarization angles.
The numerical results from a CST simulation when Figs. 2(a) and 2(b) , respectively. These results are in good agreement with the analytical results, which verifies the accuracy of our theory and codes. Simulation was carried out using three-dimensional electromagnetic simulation software, namely CST, based on the numerical method of finite integration. This high-performance commercial software was developed by the German company, Computer Simulation Technology GmbH, in 1992; our laboratory is the SinoGermany Joint CST Training Center in northwestern China.
The calculations for a plane wave obliquely incident on a two-layer rectangular aggregate of eight identical uniaxial anisotropic spheres are shown in Fig. 3 . Each of the two layers is a 2 × 2 square, uniaxial anisotropic sphere-array. Both the top and the bottom square-shaped surface planes are parallel to the xoz-plane. It can be observed that the maximal value of the RCS in the E-plane appears in the direction of propagation of the incident wave. The RCSs in both the E-and H-planes are symmetrical with the incident axis when α ¼ 0°and 90°, inasmuch as the incident axis and the symmetry axis of the aggregate of uniaxial anisotropic spheres are coincident. The angular distributions of the RCSs in the E-and H-planes are distinct despite the good symmetry of the aggregate of uniaxial anisotropic spheres. This is a special property of an aggregate of uniaxial anisotropic spheres caused by their particular internal fields. Figure 4 shows the angular distributions of the RCSs of a 4 × 4 square array of 16 identical SiO 2 spheres illuminated by an obliquely incident plane wave. The square-shaped surface plane is parallel to the xoz-plane. The uniaxial anisotropic medium, SiO 2 , is characterized by ε t ¼ 2:3, ε z ¼ 2:25, and μ t ¼ μ z ¼ 1. When the incident wave is vertical to the z axis, a greater number of interactions will occur between two adjacent uniaxial anisotropic spheres in the 4 × 4 square array of 16 SiO 2 spheres in the forward direction. Then, the forward RCS may become weaker compared to those in the other direction. Therefore, the maximal value of the RCS is not in the direction of propagation of the incident wave when α is large, for example, when α ¼ 60°and 90°. A comparison between Figs. 2-4 indicates that the symmetry of the angular distributions of the RCSs is dependent not only on the configuration of the aggregate of uniaxial anisotropic spheres, but also on the coherence of the incident direction and the symmetry axis of the aggregate of uniaxial anisotropic spheres. Furthermore, the RCS oscillates more drastically with an increase in the number of anisotropic spheres due to the increased interactions between the anisotropic spheres. In Fig. 5 , the forward and backward RCSs in the E-plane of a 4 × 4 square array of 16 identical SiO 2 spheres illuminated by an obliquely incident plane wave are plotted as a function of the incident wavelength λ. The forward RCS decreases with the increase of λ and is influenced little by the incident angle α. By comparing Fig. 5(a) with Figs. 3(a) and 4(a) , we can draw the conclusion that the forward RCS value in the E-plane is almost invariable when a plane wave with different directions of propagation is incident at an aggregate of uniaxial anisotropic spheres. Conversely, the backward RCS vibrates drastically with the increase of λ and exhibits many extrema at different λ values for an incident plane wave with different directions. Some extrema, for instance, the backward RCS values at λ ¼ 4:25 μm when α ¼ 60°and at λ ¼ 8:0 μm when α ¼ 30°, are smaller than −60 dB. They are so small that they may not be detected by general apparatuses, which indicates that forward scattering may be very strong. The backward RCS values have peak values at some wavelengths, which indicates that backward scattering is very strong at these wavelengths. These performances of a square array of SiO 2 spheres are similar to the phenomenon of a forbidden band and bandgap of photonic crystals at some frequency points. Similar to Fig. 5 , Fig. 6 also shows the forward and backward RCSs in the E-plane of a 4 × 4 square array of 16 identical SiO 2 spheres versus the incident wavelength λ. However, the forward and backward RCSs in Fig. 6 denote the RCSs at θ ¼ 0°and 180°in the E-plane, respectively. Thus, it can be applicable to the case where the observing point is fixed in the experiment. By comparing Fig. 6 with Fig. 5 , it is observed that new peak and valley values of the forward and backward RCSs occur at different incident wavelengths. This may be attributed to the fact that the interacting scattering and the interference scattering are distinct for different incident angles and wavelengths, so that the RCSs at different azimuth and scattering angles are different. Figure 7 shows that the normalized backward RCSs in the E-plane of a 4 × 4 square array of 16 SiO 2 spheres, a 8 × 8 square array of 64 SiO 2 spheres, a 2 × 4 × 4 cuboid array of 32 SiO 2 spheres, and a 4 × 4 × 4 cube-shaped array of 64 SiO 2 spheres, respectively, illuminated by an obliquely incident plane wave are plotted as a function of the incident wavelength λ. Note that all the SiO 2 spheres are assumed to be the same, and the center-to-center distance of two adjacent spheres in Fig. 7 is no longer 2a, as shown in Figs. 2-6 , but is 3a (a is the radius of the sphere). The square-shaped surface planes of the aggregate of uniaxial anisotropic spheres shown in Figs. 7(a) and 7(b) are parallel to the xoz-plane. All the layers of the 4 × 4 square array of SiO 2 spheres shown in Figs. 7(c) and 7(d) are the same as those in the 4 × 4 square array of SiO 2 spheres shown in Fig. 7(a) and are parallel to the xoz-plane. Moreover, the two pairs of sides in both Figs. 7(c) and 7(d) are, respectively, parallel and perpendicular to the direction of propagation of the incident plane wave.
B. Effects of Incident Wavelengths on RCS
By comparing Figs. 7(a) and 7(b), the backward RCS of the 8 × 8 square array of SiO 2 spheres is found to oscillate more drastically than that of the 4 × 4 square array of SiO 2 spheres. The peak and valley values of the RCS of the 8 × 8 square array of SiO 2 spheres, such as the backward RCS at λ ¼ 1:2 μm when α ¼ 0°, at λ ¼ 1:6 μm when α ¼ 30°, at λ ¼ 2:25 μm when α ¼ 45°, at λ ¼ 2:7 μm when α ¼ 60°, at λ ¼ 3:3 μm when α ¼ 45°, and at λ ¼ 6:3 μm when α ¼ 60°, are sharper and denser than those of the 4 × 4 square array of SiO 2 spheres because of the denser interference scattering by the 8 × 8 square array of aggregate spheres. A comparison among Figs. 7(a), 7(c), and 7(d) indicates that the positions and magnitudes of the peak and valley values of the backward RCS for all four incident plane waves, especially the curves when α ¼ 0°, are remarkably altered as the layer number of the square array of uniaxial anisotropic spheres increases. However, the form of these curves exhibits little change. This may be attributed to the fact that the form of the curves may primarily depend on the interacting and interference scatterings by the same bottom 4 × 4 square array of 16 SiO 2 spheres; however, the interacting and interference scatterings by the above several layers of 4 × 4 square arrays of 16 SiO 2 spheres may also cause changes of the position and magnitude of the peak and valley values of the backward RCS. The effects are weak, but not negligible. The greater the number of SiO 2 spheres, the more interaction there is between adjacent spheres, and the backward RCS values are relatively larger.
By comparing the results in Fig. 5(b) for the 4 × 4 square array of 16 closely packed identical SiO 2 spheres with those in Fig. 7(a) for the 4 × 4 square array of 16 identical SiO 2 spheres with a constant distance between the two adjacent spheres, it can be concluded that the backward RCS is greatly affected by the center-to-center distance of two adjacent uniaxial anisotropic spheres. The interference scattering will be distinct if the center-to-center distance of two adjacent spheres is different, which may be somewhat similar to the property of grating. Thus, the center-to-center distance of two adjacent spheres affects not only the form of the curves but also the position and magnitude of the peak and valley values of the backward RCS.
CONCLUSION
In this paper, we extend the GMM theory from the scattering of a z-propagating and x-polarized plane wave by an aggregate of isotropic spheres to the scattering of a plane wave with arbitrary directions of propagation and polarization by an aggregate of uniaxial anisotropic spheres with arbitrary configuration and parallel primary optical axes. The expansion coefficients of the plane wave for both the TM and the TE modes are derived in terms of the SVWFs. The accuracy of the expansion coefficients is confirmed by comparing the coefficients when the plane wave is degenerated to a z-propagating and x-polarized plane wave with those obtained from the literature. Some results are in good agreement with the corresponding numerical results obtained from a CST simulation, indicating the correctness of our theory and codes. Numerical study of the scattering characteristics of several types of aggregates of uniaxial anisotropic spheres shows that the symmetry of the angular distributions of the RCSs is dependent not only on the symmetry of the aggregate of uniaxial anisotropic spheres but also on the coherence of the incident direction and the symmetry axis of the aggregate of spheres. The changes in the forward and backward RCSs of several types of square arrays of an aggregate of SiO 2 spheres illuminated by an obliquely incident plane wave in relation to the incident wavelength are numerically analyzed in detail. However, we have only investigated the characteristics of several types of square arrays of identical SiO 2 spheres that are or are not closely packed in relation to the incident wavelengths. It is worth noticing that the multiple uniaxial anisotropic sphere scattering theory described in this paper is applicable to an aggregate of uniaxial anisotropic spheres with arbitrary permittivity, permeability, and size; in other words, the permittivity, permeability, and size of every uniaxial anisotropic sphere can be optionally changed as long as the multiscattering occurs at the resonance zone. The theory and results in this study may be helpful in providing effective methods for investigating photonic crystals. Note that the incident plane wave is numerically discussed for only the TM modes due to the length restriction here; a plane wave for the TE modes can be obtained by substituting the corresponding incident angle α and polarization angle β of the plane wave for TM modes. The theoretical method and numerical results presented in this study may also provide a calibration method for further research on transmission and scattering in randomly distributed anisotropic particles. Scattering of an aggregate of uniaxial anisotropic spheres with nonparallel primary optical axes or arbitrary anisotropic spheres will be discussed in our future research.
APPENDIX A: EXPANSION COEFFICIENTS IN EQ. (6)
According to the orthogonality of M 
where c denotes x, y, or z, and hÃi denotes the inner product in the Hilbert space. Substituting the expressions of SVWFs into Eq. (A1), and after a great amount of algebra and careful derivation, we finally obtain the functional form for the coefficients [28] as follows: a x mn ðα; βÞ 
y mn ðα; βÞ
z mn ðα; βÞ 
The expressions in Eq. (B5) are absolutely the same as those in [5, 25] , which can verify the correctness of the expansion coefficients. When α ¼ 0 and β ¼ 0, the plane wave for the TE mode will be degenerated to be a z-propagating and y-polarized plane wave. We can also obtain the following expansion coefficients: 
